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Purely azimuthal entanglement is analyzed for noncollinear frequency-degenerate biphoton states.
The degree of azimuthal entanglement is found to be very high, with the Schmidt parameterK on the
order of the ratio of the pump waist to its wavelength. A scheme is suggested for partial realization
of this high entanglement resource in the form of a multichannel Schmidt-type decomposition.
1. INTRODUCTION
A structure of emission in the type-I Spontaneous
Parametric Down-Conversion (SPDC) is well known:
SPDC photons propagate along a cone with the axis (0z)
coinciding with the central propagation direction of the
pump, and section of the cone by the plane (xy) ⊥ 0z
is a ring [1–3]. As quantum objects, SPDC photons are
characterized by their wave function depending on trans-
verse components of wave vectors ~k1⊥ and ~k2⊥, where
the indices 1 and 2 indicate two indistinguishable SPDC
photons and ⊥ refers to the plane (xy). Each of two
SPDC photons has two degrees of freedom, for example,
corresponding to motions in 0x and 0y directions. In
this specific case the biphoton wave function depends on
two pairs of variables, k1,2 x and k1,2 y. Alternatively, the
wave vectors ~k1,2⊥ can be characterized by their absolute
values ρ1,2 = |~k1,2⊥| and angles with respect to the x-axis
(azimuthal angles), α1,2. This parametrization of trans-
verse wave vectors ~k1,2⊥ is widely used in the analysis
based on the concept of the Orbital Angular Momentum
of photons (OAM) [4–7]. Parametrization used in the
present work slightly differs from that used in the OAM
analysis. The transverse wave vectors ~k1,2⊥ are assumed
to be characterized by spherical angles of the total wave
vectors ~ki, i.e., by polar (zenith) angles θ1,2 defined as
angles between ~ki and the z-axis, and azimuthal angles
α1,2 defined as previously as angles between ~ki⊥ and the
x-axis. In terms of these definitions one can investigate
separately entanglement of noncollinear boiphotons ei-
ther in polar or in azimuthal angular variables. As far as
I know, this formulation of the problem differs from that
used in the OAM analysis where azimuthal and “radial”
entanglements (in variables α1,2 and ρ1,2) are considered
usually as inseparable parts of the total biphoton entan-
glement. As argued below, consideration of azimuthal
entanglement itself has sense both for theoretical analy-
sis and, potentially, for practical experimental researches.
For the cases of sufficiently pronounced degree of non-
collinearity, the degree of azimuthal entanglement will
be shown to be very high and, roughly, determined by a
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large parameter of the pump waist divided by its wave-
length. In principle, this provides a very large resource
of azimuthal entanglement, and a scheme for its partial
realization in experiments will be described.
2. BIPHOTON ANGULAR WAVE FUNCTION
2.1. General expressions
Let us consider a Biphoton State (BS) formed in
the noncollinear frequency-degenerate process of Spon-
taneous Parametric Down-Conversion (SPDC) with the
phase matching of the type-I. In this case the pump is
propagating in a nonlinear crystal as the extraordinary
wave, and some photons of the pump decay for two indis-
tinguishable photons “1” and “2” of the ordinary wave,
e → o + o. The emitted photons are assumed to have
coinciding frequencies equal to the half of a given fre-
quency of the pump, ω1 = ω2 = ωp/2, and coinciding
(e.g., horizontal) polarizations. Let the pump be prop-
agating along the z-axis and having the waist w. As
usually assumed, let the pump waist w be much smaller
than the transverse sizes of a crystal, which provides the
transverse-momentum conservation:
~kp⊥ = ~k1⊥ + ~k2⊥, (1)
where ~kp⊥ is the projection of a pump wave vector ~kp
on the plane (xy) perpendicular to the z-axis. In the
transverse-momentum representation the wave function
of two emitted photons is known to have the form [8–11]
Ψ ∝ exp
[
−w
2
2
(
~k1⊥ + ~k2⊥
)2]
sinc
(
L∆
2
)
, (2)
where the pump amplitude is taken Gaussian, sinc(x) =
sinx/x, L is the length of a crystal in the pump-
propagation direction, and the phase mismatch ∆ is given
by
∆ = kp z−k1 z−k2 z ≈ kp−k1−k2+
(
~k1⊥ − ~k2⊥
)2
4k1
. (3)
22.2. Spherical angles
In accordance with the goals declared in the Introduc-
tion, let us characterize orientation of wave vectors in
a free space after the crystal by their spherical angles -
polar angles θp,1,2 and azimuthal angles αp,1,2:
~kp =
2pi
λp
{sin θp cosαp, sin θp sinαp, cos θp},
~k1 =
pi
λp
{sin θ1 cosα1, sin θ1 sinα1, cos θ1},
~k2 =
pi
λp
{− sin θ2 cosα2, − sin θ2 sinα2, cos θ2},
(4)
where λp is the pump wavelength. As an example, the
polar and azimuthal angles of the pump wave vector are
sown in Fig. 1, with the coordinate frame turned inten-
Figure 1: Azimuthal (αp) and polar (ϕp(θp)) angles of the wave
vector ~kp (ϕp in and θp outside of the crystal); ϕ0 is the angle
between the crystal’s major optical axis and the central propagation
direction of the pump (the z-axis).
tionally for clearer visibility in such a way that z-axis is
vertical, though traditionally and in all further illustra-
tions the propagation axis 0z is taken horizontal. Two
deferent notations, ϕp and θp, are used for polar angles
of ~kp inside and outside of a crystal. The similar pairs
of notations are used below for polar angles of SPDC
photons ~k1,2: ϕ1,2 and θ1,2.
The signs “ − ” in the definition of ~k2 in Eq. (4)
deserve a special explanation. It’s known [1–3] that in
the noncillinear SPDC procees two photons of each pair
are located approximately at the opposite ends of diam-
eters of the ring formed by section of the emission cone
by the transverse plane (xy) ⊥ 0z. This last condition
is provided in different ways in the 2D and 3D geome-
tries. In the plane geometry deviations from the z-axis
can be characterized by angles θ1,2 having different signs
for “up” and “down” (or “left” and “right”) deviations
[12]. In contrast, in the 3D geometry, both polar angles
θ1 and θ2 are always positive (π ≥ θ1,2 ≥ 0). In this
case the condition of location at the opposite ends of the
ring diameters is provided by different definitions of the
azimuthal angles of two photons: these angles have to dif-
fer from each other approximately by the term π. But in
the definitions used in Eq. (4) and below this difference
is already taken into account: if the angle α1 is defined
as counted from the positive direction of the x-axis, the
angle α2 is counted from its negative direction (see Fig.
2). This shift for π gives rise to the sings “ − ” in the
definition of ~k2 in Eq. (4).
Figure 2: Azimuthal angles of emitted photons α1 and α2, and
the azimuthal angle αp of the pump wave vector; α0 =
1
2
(α1+α2);
θ0 is the opening angle of the emission cone; the ring is the section
of the cone by the plane (xy) ⊥ 0z.
The representation of wave vectors in terms of spher-
ical angles (4) can be used to find rather simple expres-
sions for the squared difference and sum of ~k1⊥ and ~k2⊥
in Eq. (3):
|~k1⊥ ± ~k2⊥|2 = π
2
λ2p
[
sin2 θ1 + sin
2 θ2
∓2 sin θ1 sin θ2 cos(α1 − α2)
]
. (5)
Let us assume that all deviation angles and differences of
angles are small:
|θ1,2 − θ0| ≪ θ0 ≪ 1, |α1 − α2| ≪ 1. (6)
In these approximations Eq. (5) takes even much simpler
form
|~k1⊥ ± ~k2⊥|2 ≈ π
2
λ2p
[
(θ1 ∓ θ2)2 ± θ20(α1 − α2)2
]
. (7)
2.3. Refractive index of the pump wave
In a crystal, absolute values of the wave vectors
kp and k1,2 are determined by the corresponding re-
fractive indices: k1 = k2 =
pi
λp
no(2λp) and kp =
2pi
λp
np(λp, ϕ0, αp, ϕp), where no(λ) is the isotropic refrac-
tive index of the ordinary wave depending only on the
light wavelength, and the pump refractive index is given
3by
np(λp, ϕp, αp, ϕ0) = no(λp)ne(λp)
{
n2o(λp)
[
sin2 ϕp sin
2 αp
+(sinϕp cosϕ0 cosαp + cosϕp sinϕ0)
2
]
+
n2e(λp)(cosϕp cosϕ0 − sinϕp sinϕ0 cosαp)2
}−1/2
. (8)
In this formula ne(λp) is the extraordinary-wave refrac-
tive index for the propagation direction along the minor
axis of the polarization ellipse of a crystal.
As all deviations from the z-axis are assumed to be
small, the refractive index of Eq. (8) can be expanded in
powers of ϕp. With only two first terms of this expansion
retained, the first part of the expression on the right-hand
side of Eq. (3) takes the form
kp − k1 − k2 = 2π
λp
[np(λp, ϕp, αp, ϕ0)− no(2λp)] ≈
2π
λp
[np(ϕ0)− no + n′p(αp, ϕ0)ϕp], (9)
where
np(ϕ0) ≡ np = np(λp, 0, 0, ϕ0), no = no(2λp) (10)
and
n′p(λp, αp, ϕ0) ≡ n′p =
∂np(λp, ϕp, αp, ϕ0)
∂ϕp
∣∣∣∣
ϕp=0
=
−ζ(λp, ϕ0) cosαp. (11)
The term with the derivative of the refractive index n′p
in Eq. (9) determines the well known spacial walk-off ef-
fects. Very often this term is omitted from consideration
at all. Let us refer this simplification as corresponding to
the “No Walk-Off” or NWO approximation. As shown
below, for azimuthal entanglement, in the case of suf-
ficiently well pronounced noncollinearity, the NWO ap-
proximation is reasonably good. But in a general case
the walk-off term can be important because it takes into
account anisotropy of birefringent crystals and breaks the
axial symmetry of the SPDC process [10, 11]. A struc-
ture of the walk-off term is discussed in the subsection
2.5. But before this, let us discuss the structure of other
terms in the phase mismatch of Eq. (3).
2.4. The NWO parts of the phase mismatch, linear
approximation
The term np(ϕ0)−no in Eq. (9) determines the depen-
dence of the phase mismatch on the angle ϕ0 between the
optical axis and the pump propagation direction 0z. For
BBO crystal and the pump wavelength λp = 0.4047 mkm
(as, e.g., in the Ti:sapphire laser used in the work [13])
this dependence is shown in Fig. 3. The angle ϕcoll0 = 0.5
corresponds to the collinear SPDC regime, and the non-
collinear regime occurs at 0.5 < |ϕ0| < 2.64. Further
numerical examples will be obtained at ϕ0 = 0.7.
Figure 3: The difference of the refractive indices np−no as a func-
tion of ϕ0 for BBO crystal and the wavelength λp = 0.4047mkm.
The second NWO part in the phase mismatch,
1
2
(
~k1⊥ + ~k2⊥
)2
, is determined by Eq. (5), and together
with the expression of Eq. (9) this gives
∆NWO =
π
4noλp
[
(θ1 + θ2)
2 + 8no(np − no)−
θ20(α1 − α2)2
]
≡ π
4noλp
[
(θ1 + θ2)
2 − 4θ20 − θ20(α1 − α2)2
]
≈ π
noλp
θ0(θ1 + θ2 − 2θ0), (12)
where θ0 is defined at last as
θ0 =
√
2no(no − np). (13)
Numerically, for BBO crystal and λp = 0.4047 mkm, at
ϕ0 = 0.7, Eq. (13) yields θ0 = 0.28 ≈ 16◦.
Note that, in fact, θ0 (13) is defined in the transi-
tion from the first line in Eq. (12) to the second one,
whereas the third line of Eq. (12) is the approximation
based on the assumptions of Eq. (6). In this approx-
imation the dependence of ∆ on the polar angles be-
comes linear, whereas the dependence on the difference
of azimuthal angles remains quadratic. For this reason
the term θ20(α1 − α2)2 is dropped in the last line of Eq.
(12) as having a higher order in small difference of angles
compared to the retained linear term θ0(θ1 + θ2 − 2θ0).
Smallness of the dropped quadratic term is verified by its
direct estimate in subsection 3.1 below.
Note also that, in accordance with Eq. (12), the con-
stant part of the phase mismatch, independent of any
variables, is ∆0 = −πθ20/4noλp, and this gives the fol-
lowing expression for the constant term in the argument
of the sinc-function in Eq. (2):
φ =
L∆0
2
= − πθ
2
0L
8n0λp
. (14)
Estimated at the same values of parameters as indicated
above and L = 0.5 cm, Eq. (14) gives φ ≈ −900, which
exceeds significantly the values φ = −2.3 or φ = −4 of
Refs. [7] and [6]. At the same other parameters as used
above these small values of φ correspond to very small de-
gree of noncollinearity, θ0 ≤ 0.17 ≈ 1◦. As will be shown
4below, this large difference with the case under consid-
eration ( θ0 = 0.28 ≈ 16◦) explains a large differences in
the predicted degree of azimuthal entanglement.
2.5. Evaluation of the “walk-off” term
Let us consider now the “walk-off” term in the phase
mismatch determined by the first-order derivative of the
refractive index in Eq. (9),
2π
λp
n′pϕp = −
2π
λp
ζ(λp, ϕ0)ϕp cosαp. (15)
In the case of a BBO crystal and the same parameters
as indicated above, ζ(λp = 0.4047, ϕ0 = 0.7) ≈ 0.12.
The dependence n′p ∝ cosαp characterizes anisotropy of
the walk-off term. As shown in Fig. 4, anisotropy is
maximally pronounced at α = 0 or π (when ~kp ∈ (xz))
and turns zero at α = π/2 (when ~kp ∈ (yz) ⊥ (xz)),
where (xz) is the plane containing the crystal optical axis
(see also the definitions of α and ϕ0 in Fig. 1).
Figure 4: Derivative of the refractive index n′
p
(11) as a function
of the pump azimuthal angle αp.
For further analysis both ϕp and cosαp have to be
expressed in terms of the photon angles θ1,2 and α1,2 in
a free space after the crystal, which can be done with
the help of Eq. (1) (transverse-momentum conservation
rule).
At first, note that the tangent components of wave
vectors are continuous at the crystal-vacuum boundary.
For this reason the left- and right-hand sides of Eq. (1)
can be evaluated, correspondingly, inside and outside of
the crystal to give for the squared terms on both sides of
this equation
k2p sin
2 ϕp ≈ k2pϕ2p = (~k1⊥ + ~k2⊥)2 (16)
or
ϕp =
λp
2πnp
|~k1⊥ + ~k2⊥|, (17)
with known expressions for (~k1⊥ + ~k2⊥)
2 and, hence,
|~k1⊥ + ~k2⊥| in terms of θ1,2 and α1,2 (5), (7).
Another way of using Eq. (1) consists in projecting its
both sides on the direction perpendicular the vector ~kp⊥.
Then, clearly, the left-hand side of Eq. (1) gives zero, and
the right-hand side gives the equation for finding cosαp:
sin θ1 sin(α1 − αp)− sin θ2 sin(α2 − αp) = 0, (18)
Solution of this equation is given by
cosαp =
sin θ1 cosα1 − sin θ2 cosα2
[sin2 θ1 + sin
2 θ2 − 2 sin θ1 sin θ2 cos(α1 − α2)]1/2
. (19)
The denominator of the expression is seen to coincide
with the angular part of |~k1⊥ − ~k2⊥| of Eq. (5). As for
the numerator of the fraction in Eq. (19), as previously
done, it can be expanded in powers |θ1−θ2| and |α1−α2|
with only the lowest-order (linear) terms to be retained.
Then the final expression for cosαp takes the form
cosαp =
π/λp
|~k1⊥ + ~k2⊥|
×[
(θ1 − θ2) cosα0 − θ0 sinα0(α1 − α2)
]
, (20)
where
α0 =
α1 + α2
2
. (21)
In contrast to the difference of azimuthal angle α1 − α2,
which is assumed to be small, their sum and a half-sum
α0 can change in rather wide ranges,
pi
2 ≥ α0 ≥ −pi2 .
With obtained expressions (17) and (20), the contribu-
tion (15) of the walk-off term into the phase mismatch ∆
takes the form
− πζ
λpnp
[
(θ1 − θ2) cosα0 − θ0 sinα0(α1 − α2)
]
. (22)
Note that this expression can seem to be antisymmetric
with respect to the variable transposition θ1 ⇋ θ2, α1 ⇋
α2, which cannot be true. In fact, however, it should be
kept in mind that, in accordance with the definition of
the angles α1,2 shown in Fig. 2, the variable transposition
must be accompanied by the shift of both angles α1 and
α2 for π, which changes the signs of cosα0 and sinα0 and
provides the symmetry of the expression (22).
2.6. Final expressions for the wave function and its
double-Gaussian representation
Summation of all derived results (2),(12), (7), (15),
(22) gives the following general expression for the bipho-
ton angular wave function
Ψ ∝ exp
{
− (θ1 − θ2)
2 + θ20(α1 − α2)2
2∆θ2p
}
×
sinc
{
1
2∆θL
[
θ0(θ1 + θ2 − 2θ0)−
no
np
ζ
(
cosα0(θ1 − θ2)− sinα0θ0(α1 − α2)
)]}
, (23)
5where ∆θp = λp/πw and ∆θL = noλp/πL.
As mentioned above, in principle, the walk-off terms
make angular biphoton wave function axially asymmet-
ric, which is seen in its dependence not only on the dif-
ference of azimuthal angles α1−α2 but also on their sum
via α0 (21). The symmetry returns in the NWO approx-
imation when the expression (23) takes the form
ΨNWO ∝ exp
{
− (θ1 − θ2)
2 + θ20(α1 − α2)2
2∆θ2p
}
×sinc
{
1
2∆θL
[
θ0(θ1 + θ2 − 2θ0)
]}
. (24)
In addition to the dependence only on the difference
of azimuthal angles α1 − α2 the remarkable feature of
the NWO approximation consists in factorization of the
dependencies on polar and azimuthal angles. In other
words, the NWO wave function (24) takes the form of
a product of two factors ΨNWO = Ψ
pol
NWO × ΨazNWO with
ΨpolNWO and Ψ
az
NWO depending, correspondingly, only on
polar and only on azimuthal angles
ΨpolNWO(θ1, θ2) ∝ exp
{
− (θ1 − θ2)
2
2∆θ2p
}
×sinc
{
1
2∆θL
[
θ0(θ1 + θ2 − 2θ0)
]}
(25)
and
ΨazNWO(α1, α2) ∝ exp
{
−θ
2
0(α1 − α2)2
2∆θ2p
}
. (26)
In contrast, beyond the NWO approximation, with the
walk-off terms taken into account, there is no factoriza-
tion in the wave function of Eq. (23) for parts depending
on polar and azimuthal variables, and no axial symmetry.
The next step of simplifications in the general expres-
sion (23) consists in the replacement of the squared sinc-
function by the appropriately chosen Gaussian function:
sinc2(x)→ exp(−0.359x2), (27)
where 0.359 is the best fitting parameter, and quality of
the replacement is illustrated by the picture of Fig. 5.
This modeling gives the following double-Gaussian rep-
Figure 5: The functions sinc2(x) (S) and exp(−0.359x2) (G).
resentation for the polar-azimuthal angular distribution
of the biphoton probability density
|Ψ(θ1, α1; θ2, α2)|2 ∝ exp
[
− (θ1 − θ2)
2 + θ20(α1 − α2)2
∆θ2p
]
×
exp
{
− 0.395
4∆θ2L
[
θ0(θ1 + θ2 − 2θ0)−
no
np
ζ
(
cosα0(θ1 − θ2)− sinα0θ0(α1 − α2)
)]2}
. (28)
Note that the arguments of both exponents are quadratic
in variables and, thus, the linear approximation in the ar-
gument of the sinc-function in Eq. (23) fits perfectly the
quadratic dependencies in the Gaussian functions (28).
3. ENTANGLEMENT
As mentioned in the Introduction, the main goal of
the present consideration consists in characterization
and evaluation of the purely azimuthal entanglement of
biphotons independently of entanglement in the second
degree freedom, i.e., in polar angles.
3.1. Coincidence and single-particle widths
As known [14, 15], the degree of entanglement of bi-
partite states with continuous variables can be found by
means of single-particle and coincidence measurements.
Such measurements can be used to plot curves of the cor-
responding distributions of numbers of registered parti-
cles in dependence on the corresponding variables. The
ratio of widths of the single-particle and coincidence dis-
tributions is the parameter R characterizing the degree
of entanglement. Mathematically, this parameter is de-
fined as the ratio of the widths of the curves of uncondi-
tional and conditional probability densities. For double-
Gaussian wave functions this parameter is known to coin-
cide exactly with the Schmidt parameter K = 1/T r(ρ2r)
where ρr is the reduced density matrix of the bipartite
state. It’s clear also that if particles in a bipartite state
have two degrees of freedom, then for finding probability
distributions and entanglement in one of these degrees
of freedom, one has to integrate the total two-degrees-
of-freedom distribution over variables characterizing the
second degree of freedom.
Complete independence of azimuthal and polar-angle
parts in the biphoton angular wave function occurs in the
NWO approximation (24), when the distribution of the
biphoton azimuthal probability density is given by
dW
dα1dα2
∝ exp
[
−θ
2
0(α1 − α2)2
∆θ2p
]
(29)
with the only additional restriction
π
2
≥ α0 ≡ α1 + α2
2
≥ −π
2
. (30)
6The density plot of this distribution is shown schemat-
ically in the picture of Fig. 6. In the map (α1, α2),
Figure 6: Density plot of the biphoton azimuthal distribution (29)
this is a very narrow ridge of a unit hight, going along
the diagonal α1 = α2 from α1 = α2 = −π/2 and up
to α1 = α2 = π/2. The coincidence distribution in α1
has to be measured with one detector counting photons
only at some given value of α2 and the second detector
scanning, in the map (α1, α2) - along the horizontal line
α2 = const (the blue dashed line in Fig. 6), and with
only joint signals registered. In single-particle measure-
ments one has to use only one detector scanning horizon-
tally (in the map (α1, α2)) and registering all photons,
independently of and at all possible values of the second-
photon azimuthal angle α2. Clearly, the coincidence and
single-particle widths in such schemes of measurements
are equal to
∆α
(c)
1 =
∆θp
θ0
, ∆α
(s)
1 = π, (31)
and they correspond to the entanglement parameter
R =
∆α
(s)
1
∆α
(c)
1
=
πθ0
∆θp
= π2θ0
w
λp
∼ 104. (32)
Beyond the NWO approximation polar and angular
variables are not separated in the total wave function
(23). In this case the bipartite azimuthal probability den-
sity can be obtained from the squared wave function of
Eq. (28) by means of integration over the polar angles θ1
and θ2, or equivalently, at first over θ1+θ2 and then over
θ1−θ2. An important feature of this integration is related
to the structure of the second exponential function in Eq.
(28). Though it depends on both θ1 + θ2 and θ1 − θ2, its
integration over θ1+θ2 from−∞ to +∞ gives just a num-
ber independent of any variables. This is a direct conse-
quence of the linear approximation used for evaluation of
the argument of the sinc-function in Eq. (23). The sec-
ond integration, over θ1 − θ2, is carried out equally easy
to give the expression for the azimuthal biphoton distri-
bution coinciding with that derived in the NWO approx-
imation (29) and shown in Fig. 6. Hence, all estimates
of the azimuthal coincidence and single-particle widths
(31), and of the parameter of azimuthal entanglement
R (32) remain valid even beyond the NWO approxima-
tion when the walk-off term is taken into account in the
phase mismatch in the linear approximation in θ1 ± θ2
and α1−α2. Note that this proof is valid explicitly only
for the described derivation of the parameter R, because
the widths in its definition (32) are defined as widths
of the probability distributions dW/dα1dα2|α2=const and∫
dα2dW/dα1dα2, rather than widths of wave functions.
In contrast to this the described in the following two sub-
section alternative derivations deal with the wave bipho-
ton azimuthal function and are valid only in the NWO
approximation.
The azimuthal coincidence width of Eq. (31) can be
used to estimate explicitly (as promised above) the de-
gree of smallness of the term in the phase mismatch
(12) quadratic in the difference of azimuthal angles and
dropped in the linear-approximation. Contribution of
this term into the argument of the sinc-function in Eq.
(23) would be given by
θ20(α1 − α2)2
8∆θL
∼ ∆θ
2
p
8∆θL
=
L
8noLD
≪ 1, (33)
where LD = πw
2
p/λp is the diffraction length (or Rayleigh
range) of the pump which is assumed always to be much
longer than the crystal length L.
3.2. Schmidt-mode analysis
The same results as described above can be obtained
in the Schmidt-decomposition formalism. Azimuthal
Schmidt modes can be found with the help of a slight
modification in the azimuthal wave function ΨNWO (24).
Let the restriction |α0| ≤ π/2 (30) be imitated (replaced)
by an additional Gaussian factor exp
[−(α1 + α2)2/8π2],
which reduces the azimuthal wave function to the stan-
dard double-Gaussian form of Ref. [15]
Ψ˜ = N exp
(
− (α1 + α2)
2
2a2
)
exp
(
− (α1 − α2)
2
2b2
)
(34)
with N =
√
2/πab, a = 2π, b = ∆θp/θ0 and, evidently,
a≫ b . For such wave functions their Schmidt decompo-
sition and Schmidt modes are known [16–18]:
Ψ˜(α1, α2) =
∑
n
√
λnψn(α1)ψn(α2), (35)
where
λn =
4ab
(a+ b)2
(
a− b
a+ b
)2n
, (36)
ψn are Schmidt modes
ψn =
(
2
ab
)1/4
un
(√
2α√
ab
)
, (37)
7and un(x) are the Hermite-Gaussian functions
un(x) = (2
nn!
√
π)−1/2e−x
2/2Hn(x). (38)
The constants λn (36) determine the Schmidt parameter
K characterizing both the degree of entanglement and
the effective dimensionality of the Hilbert space
K =
1∑
n λ
2
n
=
a2 + b2
2ab
≈ a
2b
=
πθ0
∆θp
=
π2θ0 w
λp
. (39)
Comparison with Eq. (32) shows that the entanglement
parameters K and R are identically equal to each other
and, thus, the derivation in terms of Schmidt modes con-
firms perfectly the found above very high level of az-
imuthal entanglement .
3.3. OAM analysis
Let us consider only the azimuthal part (26) of the
biphoton angular wave function in the NWO approxima-
tion. The function exp
[−(α1 − α2)2/2[∆α(c)]2] can be
expanded in a series of products of adjoint OAM eigen-
functions eilα1 and e−ilα2 , where l = 0, ±1, ±2, ... are
the OAM eigenvalues.
ΨazNWO ∝
∑
l
Cl e
ilα1 × e−lα2 (40)
The expansion coefficients Cl can be easily found to be
proportional to exp
[−l2[∆α(c)]2/2] with ∆α(c) being the
coincidence width of the first Eq. (31). As these coeffi-
cients are even in l, only the real part of the product of
OAM eigenfunctions gives nonzero contribution into the
sum over l, i.e.,
eilα1 × e−ilα2 ≡ cos[l(α1 − α2)] + i sin[l(α1 − α2)]
⇒ cos[l(α1 − α2)] = cos lα1 cos lα2 + sin lα1 sin lα2.
As a result, the normalized azimuthal wave function takes
the form of the OAM Schmidt decomposition
Ψ(α1, α2) =
∑
l
√
λ
(OAM)
l
[
ψ
(cos)
lOAM(α1)ψ
(cos)
lOAM(α2)
+ψ
(sin)
lOAM(α1)ψ
(sin)
lOAM(α2)
]
, (41)
where
λ
(OAM)
l =
∆α(c)
2
√
π
exp
(
−l2[α(c)]2
)
, (42)
and the OAM Schmidt modes are given by
ψ
(cos)
lOAM(α) =
√
2
π
cos lα, ψ
(sin)
lOAM(α) =
√
2
π
sin lα (43)
with |α| ≤ π/2.
All OAM Schmidt modes are twice degenerate, owing
to which the normalization has the form 2
∑
l λ
(OAM)
l =
1, which is checked by means of summation substituted
by integration over l. The OAM Schmidt entanglement
parameter is defined as the inverse double sum of squared
λ
(OAM)
l :
K(OAM)az =
1
2
∑
l
(
λ
(OAM)
l
)2 = 2
√
2π θ0w
λp
, (44)
in a sufficiently good agreement with the above-found
parameters K (39) and R (32).
3.4. Discussion
Thus, found degree of azimuthal entanglement is rather
high and, besides, its features are somewhat unusual. In
particular, as seen from Eqs. (32), (39) and (44), the
degree of azimuthal entanglement is determined only by
the pump angular width ∆θp and does not depend of the
the crystal length L. Of course, this result can be valid
only in a restricted variation range of L. One restric-
tion is given by Eq. (33). It arises from the condition
that the term θ20(α1−α2)2/8∆θL in the argument of the
sinc-function is small and can be dropped in the linear
approximation. Another restriction arises from the lin-
earization condition of the difference (θ1 + θ2)
2 − 4θ20.
Approximation of this expression by 4θ0(θ1 + θ2 − 2θ0)
assumes that the term (θ1 + θ2 − 2θ0)2 gives only a neg-
ligibly small contribution to the argument. As follows
from Eqs. (24), (25) |θ1 + θ2 − 2θ0| ∼ ∆θL/θ0, which
gives the following estimate of the term which has been
dropped
(θ1 + θ2 − 2θ0)2
∆θL
∼ ∆θL
θ20
=
noλp
πLθ20
≪ 1. (45)
In terms of the crystal length L the condition (45) gives
L≫ noλp
πθ20
≈ 2.78mkm, (46)
where the last estimate is obtained for all the same pa-
rameters as used throughout the paper, including θ0 =
0.28. As seen from Eq. (46) the found condition is ful-
filled practically for any realizable values of the crystal
length L. But at smaller degrees of noncollinearity (at
smaller values of θ0) the restriction (46) becomes some-
what more serious. And, definitely, the restrictions (45)
excludes the case θ0 = 0, which corresponds to collinear
SPDC regime when linearization of the phase mismatch
is impossible at all.
4. MULTICHANNEL SCHIMDT-TYPE
DECOMPOSITION
The found above very high values of the parameters
R and K indicate a very high level of the entanglement
8resource accumulated in the azimuthal variables of non-
collinear biphotons and, on the other hand, they indicate
serious problems with any attempts of physical separa-
tion of azimuthal Schmidt modes. Indeed, the amount
of more or less equally important terms in the Schmidt
decomposition (35) is on the order of K ≫ 1. High-order
Hermit-Gaussian functions (38) are very rapidly oscillat-
ing, and neighboring Schmidt modes are very similar to
each other. For these reasons, the task of separation of
such modes in experiments looks hopeless. This raises
a question: are there any ways of using a very high re-
source of azimuthal entanglement, though at least par-
tially. One scheme for construction the Schmidt-type sep-
aration of orthogonal modes is shown in Fig. 7. The main
idea consists in collecting pairs of photon from a series of
different planes (xn, z) with axes 0xn ∈ (xy) directed at
angles α(n) with respect to the horizontal x-axis. In each
Figure 7: A scheme of a possible experiment for getting the
multichannel Schmidt-type decomposition of noncollinear biphoton
states revealing partially their high resource of azimuthal entangle-
ment.
plane (xn, z) photons arise at opposite ends of the corre-
sponding diameter around azimuthal angles α
(n)
1 = α
(n)
and α
(n)
2 = α
(n)+π. Black spots at the ends of diameters
can be considered as symbolizing receiving fibers, sizes of
which are assumed to be larger than the ring thickness
(∼ ∆θL/θ0) to collect all photons with different polar an-
gles θ at any given αn. On the other hand, the azimuthal
distances between neighboring planes α(n+1)−α(n) must
be mach larger than sizes of receiving fibers and than the
coincidence azimuthal width ∆θp/θ0. This last condition
provides orthogonality of states arising in different planes
(xn, z). As a whole, the state vector of all manifold of
photons to be collected in the scheme of Fig. 7 is given
by
|Ψ〉 = 1√
N
N∑
n=1
|1
α
(n)
1
, 1
α
(n)
2
〉 . (47)
After collection, each pair of photons from each given
plane (xn, z) has to be sent to its own beam splitter
which is the Hong-Ou-Mandel transformer [19] directing
united unsplit pairs of photon either to the up- or down-
channels. The state vector of such transformed states
takes the form
|Ψ〉final =
1√
2N
N∑
n=1
(
|2↑n〉 − |2↓n〉
)
, (48)
where the arrows (↑) and (↓) indicate the up- and down-
channels and n indicates the plane (xnz) from which
pairs of photons arrive to the nth beam splitter BSn.
Two such pairs of channels are shown in Fig 7. Alto-
gether, the state (48) describes a physically separated
multichannel Schmidt-type decomposition. In this state
each pair of SPDC photons can appear with equal prob-
ability λn = 1/2N in one and only one (but arbitrary) of
2N channels. The degree of entanglement in such state
grows with growing amount of channels. The Schmidt
parameter K and entropy of the reduced density matrix
equal to
K = 2N, Sr = −2
N∑
n=1
λn log2 λn = 1 + log2N. (49)
5. CONCLUSION
Thus, entanglement of noncollinear biphoton states in
azimuthal angles of photon wave vectors is considered,
and the degree of azimuthal entanglement is found to be
extremely high. The degree of azimuthal entanglement is
evaluated by three methods: (1) by finding the parameter
R given by the ratio of the single-particle to coincidence
widths of the angular distributions, (2) via the Schmidt
parameter K found for a model double-Gaussian wave
function of two azimuthal angles and (3) in terms of the
OAM analysis, in the frame of which the OAM Schmidt
modes and decomposition are defined and found, as well
as the OAM Schmidt number KOAMaz . All three methods
are found to give the same estimate for the degree of en-
tanglement, which is found to be determined by the ratio
of the pump waist to its wavelength times the opening
angle of the SPDC emission cone, θ0 w/λp. For reason-
ably chosen values of all parameters the degree of entan-
glement and the effective dimensionality of the Hilbert
space are found to be on the order of 104 ≫ 1. A scheme
is suggested for this very high resource of azimuthal en-
tanglement to be seen experimentally, at least partially.
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